Abstract. We characterize hyponormal "rational" Toeplitz pairs which are pairs of Toeplitz operators whose symbols are rational functions in L ∞ . The main result of this article is as follows. If T = (T φ , T ψ ) is a hyponormal rational Toeplitz pair then φ − βψ ∈ H 2 for some constant β; in other words, their co-analytic parts necessarily coincide up to a constant multiple. As a corollary we get a complete characterization of hyponormal rational Toeplitz pairs.
Introduction
In the monograph [CL] , R. Curto and the second named author characterized the joint hyponormality of Toeplitz pairs which are pairs of Toeplitz operators with trigonometric polynomial symbols. We here obtain a complete characterization of hyponormal rational Toeplitz pairs which are pairs of Toeplitz operators whose symbols are rational functions in L ∞ . The Bram-Halmos criterion on subnormality ( [Br] ) states that an operator T on a Hilbert space H is subnormal if and only if i,j (T i x j , T j x i ) ≥ 0 for all finite collections x 0 , x 1 , · · · , x k ∈ H. It is easy to see that this is equivalent to the following positivity test:
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(This definition of self-commutator for n-tuples of operators on a Hilbert space was introduced by A. Athavale in [At] .) By analogy with the case n = 1, we shall say ( [At] , [CMX] ) that T is jointly hyponormal (or simply, hyponormal) if [T * , T] is a positive operator on H ⊕ · · · ⊕ H. Clearly, the hyponormality of an n-tuple requires as a necessary condition that every coordinate in the tuple be hyponormal.
Let T = R/2πZ be the unit circle. The Hilbert space L 2 ≡ L 2 (T) has a canonical orthonormal basis given by the trigonometric functions e n (z) = z n , for all n ∈ Z, and the Hardy space H 2 ≡ H 2 (T) is the closed linear span of {e n : n = 0, 1, . . .}. An element f ∈ L 2 is said to be analytic if f ∈ H 2 , and co-analytic if f ∈ L 2 H 2 . If P denotes the orthogonal projection of L 2 onto H 2 , then for every φ ∈ L ∞ ≡ L ∞ (T), the operator T φ on H 2 defined by
is called the Toeplitz operator with symbol φ. If φ is a trigonometric polynomial of the form φ(z) = N n=−m a n z n , where a −m and a N are nonzero, then the nonnegative integers m and N denote the co-analytic and analytic degrees of φ, respectively. If φ ∈ L ∞ , write
Thus we can write φ = φ − + φ + . D. Farenick and R. MaEachin [FM] showed that if U is the unilateral shift on H 2 then the hyponormality of (U, T ) implies that T is necessarily a Toeplitz operator. Furthermore they proved that if
is hyponormal if and only if the single Toeplitz operator T ψ is hyponormal. R. Curto and the second-named author [CL] have studied the hyponormality of T = (T φ , T ψ ) when both symbols φ and ψ are trigonometric polynomials. In [CL] , a complete characterization of hyponormal Toeplitz pairs in this case was given. The core of the main result in [CL] is that the hyponormality of T = (T φ , T ψ ) (where φ and ψ are trigonometric polynomials) forces that the co-analytic parts of φ and ψ necessarily coincide up to a constant multiple, that is,
C. Gu [Gu] gave a characterization of hyponormal Toeplitz pairs T = (T φ , T ψ ) under the constraint (1.2) on the symbol -the assumption of equal co-analytic parts. In this article we show that if φ and ψ are rational functions in L ∞ , then the condition "symbols have equal co-analytic parts" is indeed necessary for the hyponormality of the pair T = (T φ , T ψ ): this follows a spirit of the main result in [CL] . Thus we get a characterization of hyponormal "rational" Toeplitz pairs. A key step for the proof of the main result is accomplished by a direct and careful analysis on the self-commutator of the pair.
The organization of the article is as follows. In Section 2 we introduce basic facts about Toeplitz operators and Hankel operators. In Section 3 we provide auxiliary lemmas to be used in proving the main results. Section 4 is devoted to prove the main results.
Observe that if (T 1 , T 2 ) is hyponormal, then so is (
∞ have Fourier coefficientsφ(n),ψ(n) for every n ∈ Z, respectively, then the hyponormality of (T ψ , T φ ) is independent of the particular values ofφ(0) andψ(0). Therefore, throughout the article, we will assume that the 0-th coefficientφ(0) of the given symbol φ of a Toeplitz operator is zero. [Co] ). We shall employ an equivalent variant of Cowen's theorem [Co] , that was first proposed by Nakazi and Takahashi [NT] .
Preliminaries
Cowen's Theorem. For φ ∈ L ∞ , write E(φ) := {k ∈ H ∞ : ||k|| ∞ ≤ 1 and φ − kφ ∈ H ∞ } .
Then T φ is hyponormal if and only if E(φ) is nonempty.
Cowen's method is to recast the operator-theoretic problem of hyponormality for Toeplitz operators into the problem of finding a solution with specified properties to a certain functional equation involving the operator's symbol. This approach has been put to use in many works to study hyponormal Toeplitz operators on the Hardy space of the unit circle.
Let J be the unitary operator on 
We write, for an inner function θ,
The following is a basic connection between Hankel and Toeplitz operators ( [Ni] ):
From this we can see that if k ∈ E(φ) then
We here observe that if T = (T φ , T ψ ) then the self-commutator of T can be expressed as:
∞ is said to be of bounded type (or in the Nevanlinna class) if there are functions
for almost all z in T. Evidently, rational functions in L ∞ are of bounded type. We recall ( [Ab, Lemma 6] ) that if T φ is hyponormal and φ is not analytic then φ is of bounded type if and only if φ is of bounded type. In [Ab, Lemma 3] , it was also shown that
where θ is an inner function, b ∈ H ∞ , and θ and b are relatively prime, i.e., there does not exist a nonconstant inner function ω such that θ = ωθ 0 and b = ωb 0 for some
is such that f is of bounded type and f (0) = 0 then we can write
where θ is an inner function and b ∈ H(θ) satisfies that b and θ are coprime. In particular, we can easily show that (2.2) f = θb is a rational function ⇐⇒ θ is a finite Blaschke product.
Since
which implies that θ 0 divides θ + , i.e., θ + = θ 0 θ 1 for some inner function θ 1 . Thus if φ = φ − + φ + is of bounded type, φ + (0) = φ − (0) = 0, and T φ is hyponormal then we can write
On the other hand, as in (2.3), the hyponormality of Toeplitz pairs is also related to the kernels of Hankel operators involved with the analytic and co-analytic parts of the symbol. Indeed it was shown ([Gu, Lemma 6.2]) that if neither φ nor ψ is analytic and if (T φ , T ψ )is hyponormal, then
Throughout the article, whenever writing f = θa ∈ H 2 (where θ is an inner function and a ∈ H(θ)), we will assume that θ and a are relatively prime.
Auxiliary Lemmas
To prove the main result we need several auxiliary lemmas. 
Proof. We first claim that
Lemma 2. If θ 0 and θ 1 are inner functions, then
). Therefore we have that
On the other hand, we have that
where the last equality comes from the following observation:
This completes the proof.
For a notational convenience we adopt the following notation:
∞ and if θ 1 and θ 2 are inner functions, we write
Thus we have that (φ θ 1 ,θ 2 ) 
Since a and θ 1 are relatively prime, it follows that k = θ 1 ζ for some ζ ∈ H ∞ . If we put
The converse of Lemma 3(ii) is not true in general: indeed, a straightforward calculation shows that if φ(z) = z −2 + 3z −1 + 2z + 2z 2 then T φ is not hyponormal, whereas T φ z is hyponormal.
Proof. From the same argument as in the proof of Lemma 3(ii), we have that
which implies that if T is hyponormal then so is T θ .
If one coordinate of the Toeplitz pair has an analytic symbol then the hyponormality of the pair can be determined by the hyponormality of a single Toeplitz operator (cf. [CL, Theorem 1.10] ; [Gu, Theorem 4 .1]).
Lemma 5. If φ ∈ H
∞ is such that φ = θa for a ∈ H(θ) and 
Main Results
Our main theorem is as follows:
Proof. In view of (2.2) and (2.4), we can write
where the θ j are finite Blaschke products, a ∈ H(θ 0 θ 1 ), b ∈ H(θ 0 ), c ∈ H(θ 2 θ 3 ) and d ∈ H(θ 2 ). We split the proof into four steps.
STEP 1:
If θ is the greatest common inner factor of θ 1 and θ 3 , then
Write θ 1 = θδ 1 and θ 3 = θδ 3 for some inner functions δ 1 , δ 3 . Then we have that (4.3)
where the third equality follows from Lemma 1. Observe that (4.4)
which implies T θ H θ 2 θ 3 P θ2δ3H 2 = 0, and hence
Similarly, we have that
Therefore we have that
On the other hand, by Lemma 2, we have that
Hence by (4.3)-(4.7), it follows that
But since
it follows that if T 1θ is hyponormal then T is hyponormal.
STEP 2:
If θ is the greatest common inner factor of θ 1 and θ 3 and if ω is the greatest common inner factor of θ 0 and θ 2 then
Proof. By Lemma 4, T ω = (T φ ω , T ψ ω ) is hyponormal. Thus without loss of generality we may assume that θ 0 and θ 2 are relatively prime. Also by (2.5) we have
Thus θ 1 = θ 2 1 and θ 3 = θ 0 3 for some inner functions 1 , 3 . But since θ 0 and θ 2 are relatively prime, it follows that (4.8)
On the other hand, we know that
where, for a notational convenience, each term will be understood as a restriction to
1θ , T 1θ ] and V ). Thus V can be viewed as:
Observe that (4.11)
and H(ζ) for an inner function ζ)
Similarly, we also have that
Thus, by Lemma 2, we get (4.13)
Thus φ θ 0 is analytic. Therefore by Lemma 5, T ω is hyponormal, where
Since T = (T φ , T ψ ) is hyponormal we have, by (2.5), that θ 0 θ 1 H 2 ⊂ θ 2 H 2 and θ 2 θ 3 H 2 ⊂ θ 0 H 2 . Since θ 0 and θ 2 are relatively prime we can see that θ 1 = θ 2 ∆ 1 and θ 3 = θ 0 ∆ 3 for some inner functions ∆ 1 and ∆ 3 . Observe that
where c 3 := P H(θ 2 ∆ 3 ) (c). Since the inner part of ∆ 1 c 3 and ∆ 3 are relatively prime (because c and θ 3 are relatively prime) we have that
where ∆ 3 and P H(∆3) (∆ 1 c 3 ) are relatively prime. Since θ 0 d and θ 2 are relatively prime we also have that
where θ 2 and P H(θ 2 ) (θ 0 d) are relatively prime. Therefore the hyponormality of T ω forces that ∆ 3 = θ 2 ζ 3 for some inner function ζ 3 . Therefore θ 3 = θ 0 ∆ 3 = θ 0 θ 2 ζ 3 and hence θ 2 is a common inner factor of θ 1 and θ 3 . But since θ 1 and θ 3 are relatively prime, we must have that θ 2 is a constant. Interchanging the roles of φ and ψ in the above argument gives that θ 0 is also a constant. This proves (4.18).
We write Z(θ) for the set of all zeros in D of the inner function θ.
STEP 4: We conclude that
Proof. Suppose T = (T φ , T ψ ) is hyponormal. Then T φ−βψ is hyponormal for all β ∈ C. In view of STEP 3, we may assume that θ 2 = ξθ 0 for some ξ ∈ C. Observe that φ − αψ = θ 0 θ 1 θ 3 θ 3 a − ξα θ 1 c + θ 0 b − ξαd . We want to show that b = β 0 d for some β 0 ∈ C. Assume to the contrary that b = βd for any β ∈ C. Then we can see that (T φ−βψ , T ψ ) is hyponormal (cf. [Gu, Lemma 5 
Thus we have that
But since (T φ−αψ , T ψ ) is hyponormal, applying STEP 3 with (T φ−αψ , T ψ ) in place of (T φ , T ψ ) gives that θ 0 is an inner factor of θ β up to a unitary constant, a contradiction. Hence b = β 0 d for some β ∈ C, and hence φ − = βψ − for some β ∈ C. This completes the proof of Theorem 1.
The following corollary is a complete characterization of hyponormal rational Toeplitz pairs.
where the θ j are finite Blaschke products, Here θ is the greatest common inner factor of θ 1 and θ 3 .
Proof. We first assume that θ 1 and θ 3 are relatively prime. Now suppose T = (T φ , T ψ ) is hyponormal. By Theorem 1, θ 0 = θ 2 (up to a unitary constant) and φ − = βψ − for some β ∈ C. Thus φ − βψ = θ 0 θ 1 θ 3 (θ 3 a − βθ 1 c) ∈ z H 2 . We want to show that θ 0 (θ 3 a − βθ 1 c) ∈ H 2 . Assume θ 0 (θ 3 a − βθ 1 c) / ∈ H 2 . Then there exists a nonconstant factor ζ 0 of θ 0 such that φ − βψ = ζ 0 θ 1 θ 3 θ 0 ζ 0 θ 3 a − βθ 1 c , where θ 0 ζ 0 θ 3 a − βθ 1 c ∈ H(ζ 0 θ 1 θ 3 ). By Lemma 5, T ψ is hyponormal, where ψ = ψ 1,ζ0θ1θ3 = P H 2 0 (θ 0 ζ 0 θ 1 c) + θ 0 d.
Therefore we have that
which is a contradiction (see (2.3)). Thus θ 0 (θ 3 a − βθ 1 c) ∈ H 2 . Therefore, θ 3 a − βθ 1 c ∈ θ 0 H 2 . In particular, φ − βψ = θ 1 θ 3 θ 0 (θ 3 a − βθ 1 c) ∈ zH 2 , where θ 0 (θ 3 a − βθ 1 c) ∈ H(θ 1 θ 3 ). Therefore by Lemma 5, T ψ is hyponormal, where ψ := P (θ 1 θ 3 ψ + ) + ψ − = P (θ 0 θ 1 c) + θ 2 d = ψ 1,θ 1 θ 3 + c for a constant c.
The converse is obtained by reversing the above argument.
The proof for the general case can be accomplished by passing to (4.1) with the assumption that θ is the greatest common inner factor of θ 1 and θ 3 .
By comparison with the cases of trigonometric Toeplitz pairs, we are tempted to guess θ 1 = θ 3 in the criterion of Corollary 2. If this were true then we would conclude that if ψ is a trigonometric polynomial and φ is an arbitrary rational symbol then the hyponormality of T = (T φ , T ψ ) forces φ to be a trigonometric polynomial. However this is not the case. For example, if ψ(z) = then φ and ψ satisfy all three conditions in Corollary 2, so that T = (T φ , T ψ ) is hyponormal even though φ is not a trigonometric polynomial.
